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Abstract—This paper presents a complete framework for articulatory inversion based on jump Markov linear systems (JMLS).
In the model, the acoustic measurements and the position of
each articulator are considered as observable measurement and
continuous-valued hidden state of the system, respectively, and
discrete regimes of the system are represented by the use of a
discrete-valued hidden modal state. Articulatory inversion based
on JMLS involves learning the model parameter set of the
system and making inference about the state (position of each
articulator) of the system using acoustic measurements. Iterative
learning algorithms based on maximum likelihood (ML) and
maximum a posteriori (MAP) criteria are proposed to learn the
model parameter set of the JMLS. It is shown that the learning
procedure of JMLSs is a generalized version of hidden Markov
model (HMM) training when both acoustic and articulatory data
are given. In this study it is shown that the MAP based learning
algorithm improves modeling performance of the system and
gives significantly better results compared to ML. The inference
stage of the proposed algorithm is based on an interacting
multiple models (IMM) approach, and done online (filtering),
and/or off-line (smoothing). Formulas are provided for IMMbased JMLS smoothing. It is shown that smoothing significantly
improves the performance of articulatory inversion compared to
filtering. Several experiments are conducted with the MOCHA
database to show the performance of the proposed method.
Comparison of the performance of the proposed method with
the ones given in the literature shows that the proposed method
improves the performance of state space approaches, making
state space approaches comparable to the best published results.
Index Terms—Acoustic-to-articulatory inversion, jump
Markov linear system (JMLS), ML and MAP learning,
Interactive multiple model (IMM), IMM smoothing.

I. I NTRODUCTION
RTICULATORY movement of the lips, tongue, jaw, soft
palate, and larynx is initiated by the neural activation of
muscle fibers. Muscle activation is well modeled as an active
stress directed parallel to the muscle fibers [1]. Constant stress
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generates constant acceleration, limited only by the damping
and stiffness of the muscles themselves, therefore movement
of the articulators is well modeled, except during collision,
as a second-order linear system [2]. Empirical measurements
have demonstrated that planned movements are even smoother
than would be predicted by the physical constraints of the
muscle [3], increasing the utility of a linear dynamic model.
The movement of certain articulators during a speech utterance contains useful information about speech production and
this information can be used in a variety of speech applications
including speech segmentation [4], speech recognition [5],
speech synthesis ([6], [7]) and speaker vocal tract normalization [8]. Therefore, the reliable estimation of articulatory
trajectories could improve performance of these applications.
Unfortunately, the transform from articulatory state to
acoustic spectrum is irreducibly nonlinear [9]. Given knowledge of both the poles and zeros of the vocal tract impedance,
it is possible to specify the shape of the vocal tract [10], [11];
with knowledge of only the poles (the formant frequencies),
the articulatory-to-acoustic transform is irreducibly many-toone. Fortunately, the articulators move smoothly, with few
sudden changes, therefore it is possible to use the smoothness
of articulatory dynamics as a constraint to select among
the many different articulatory configurations that, in theory,
match any given acoustic spectrum [12], [13].
Recently, numerous machine learning and nonlinear regression methods have been proposed to solve the articulatory
inversion problem. It is not easy to categorize these studies
since they overlap with each other; however, it is informative
to group them into two main broad categories. The first
category includes the methods where the initial estimation
of the articulatory trajectories is done by considering only
the current frame. That is, a model is used according to
which the hidden articulatory state variable is independent
from the states of the previous and next time instants, and
smoothness of the inferred trajectories is imposed by postprocessing the estimated trajectories. Models in this category
include neural networks [14], [15], [16], GMM regression [17],
[18], SVM regression [19], [20] and codebook usage [21]. The
inherent one-to-many property of the articulatory inversion
process causes discontinuous trajectories. To overcome this
difficulty these methods use some additional smoothing (postprocessing) stages or some extra information. As an example,
[17], [22] and [23] use a local mapping to estimate the velocity
and acceleration of the articulators, then employ maximum
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likelihood trajectory estimation (MLTE) as a tightly-coupled
post-processor to estimate an articulatory trajectory matching
the locally estimated velocity and acceleration with maximum
likelihood. Using a static low-pass filter [14], [15], [16], [17],
[19] or dynamic Kalman smoother [20] in the smoothing stage
can also reduce discontinuities. Minami [24] showed that there
is a close relation between MLTE and the dynamic Kalman
smoother: according to [24], the MLTE method is roughly
equivalent to a fixed-lag Kalman smoother. The second broad
category of articulatory inversion methods contains techniques
where the articulatory inversion problem is formulated as a
state estimation problem, dependent on an explicit state-space
model of the dynamics of articulation and acoustics. Several
recent approaches ([25], [26], [7], [27], [28], [29], [30]) model
the positions of articulators as time-varying continuous hidden
states of a dynamic system, whose values are estimated based
on acoustic observations. Modeling articulatory inversion in
state space take advantage of the state-space models inherent dynamic smoothness, and its built-in representation of
phoneme variability. Although state-space modeling seems to
be a compact, obvious and natural way to solve the articulatory inversion problem, the inversion accuracy of methods
in this category has not heretofore been comparable to the
accuracy obtained using trajectory smoothing post-processors
such as Kalman smoothing and MLTE ([25], [7], [30], [29]).
We propose that the lower reported accuracy of state space
methods has been the result of two shortcomings. First,
machine learning methods applied to learn the parameters of
state space models have not been sufficient to learn accurate
parameters, and this shortcoming causes degradation in performance. Second, it has been difficult to choose a suitable
phoneme-dependent (or sub-phoneme-dependent) state-space
model when there is ambiguity in phoneme boundaries. In this
work our main motivation is to alleviate these main problems
for articulatory inversion methods based on the state-space
approach. We propose solutions to each of these two problems
as follows. First, in this work we demonstrate the advantages
of using the MAP based parameter learning method instead
of ML based ones. Second, we show the usefulness of an
interacting multiple-model state-space approach, in which the
models interact with each other when model boundaries are
uncertain, instead of requiring a hard decision among distinct
state-space models based on predefined model boundaries. The
details of the proposed approach are given as follows.
Let zk ∈ Rnz be an acoustic observation vector with
dimension nz at time k (e.g., a vector of mel-frequency
cepstral coefficients [31]), and let xk ∈ Rnx be the vector
of articulatory state variables with dimension nx . The joint
dynamics of these two variables may be described by
xk+1
zk

=
=

f (xk , sk , wk ),
h(xk , sk , vk ),

(1)
(2)

where f (·) is a deterministic non-linear function representing
the articulatory dynamics, h(·) is a deterministic non-linear
function representing the articulatory-to-acoustic transformation, wk and vk are random disturbances. The conscious
control of the articulators is obtained by the use of a discrete-

valued modal state variable sk ∈ {1, . . . , r}. In the literature
f (·) and h(·) are represented in several different ways. Thus,
for example, [25], [26], [7], [27], [28], [32] proposed to model
f (·) by a linear first-order dynamic system, while h(·) is
learned by a multilayer perceptron in [26], [7], [27] or a
linear regression in [25], [28], [32]. In this work, the nonlinear
dynamic model in (1) and (2) is simplified by assuming
that f (·) and h(·) are each piece-wise affine functions of
their inputs: given the modal-state variable sk , the dynamics
and the articulatory-to-acoustic transform are both assumed
to be linear. The resulting model has been called a JumpMarkov Linear System (JMLS) (or switching state space
model), because it exhibits linear first-order Markov dynamics
whose process and observation dynamics occasionally “jump”
from one parameter set to another. Jump-Markov systems are
used in various applications like econometrics [33], signal
processing ([34], [35], [36]), and machine learning ([37], [38]).
In general, learning (parameter estimation) and inference in
this model are known to be computationally intractable and
in need of proper approximation. Here we apply this model
to the articulatory inversion problem with new learning and
inference techniques. The main contributions of the proposed
methods are as follows.
The main goal of this paper is to demonstrate acousticto-articulatory inversion using a JMLS representation of articulatory and acoustic dynamics. For this purpose, first, the
model parameter set of the JMLS is learned from the training
data, and then inference (state estimation) is performed for
a given unseen test datum. In the learning stage, the articulatory state and acoustic observation vectors are assumed to
be available. Under this condition, we propose an efficient
parameter learning procedure for the JMLS, which can be
considered as a generalization of the hidden Markov model
(HMM) training procedure. Moreover, we observe that the
performance of the system is directly related to appropriate
modeling of the state and the observation, equations (1) and
(2), and to the accuracy of the model parameter set obtained
during training. Appropriate modeling and accurate parameter
estimation may not always be possible due to uncertainty
about the structure of articulatory dynamics, and inadequacy
of training samples. If either the model or its parameters are
suboptimal, the performance of the inversion system degrades.
To avoid these types of problems, in this paper we further
generalize the learning method by introducing a maximum a
posteriori (MAP) based learning algorithm, which uses prior
information about some model parameters, for the JMLS.
In [30], we have presented the importance of using prior
information about certain model parameters for the global
linear dynamic system (GLDS) which is a special case of the
JMLS. The current paper is a generalization of [30], intended
to demonstrate MAP learning for the JMLS. We demonstrate
that the use of prior information about certain model parameters dramatically reduces the articulatory inversion error rate
for JMLS. After learning model parameters of the system,
estimation of the state (position of each articulator) is handled
by Bayesian recursive estimation methods. Exact inference of
xk given observations of z1:k is computationally intractable for
the JMLS; however, approximate inference algorithms, such
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as Generalized Pseudo-Bayes (GPB) and Interacting Multiple
Model (IMM) algorithms [34], exist in the literature. Among
them, in this study, we select the IMM algorithm due to its
computational efficiency. Moreover, JMLS representation of
the articulatory inversion problem gives a compact formulation
so that smoothing can be applied relatively easily. For this
purpose, we propose a smoothing algorithm based on the IMM
algorithm, i.e., an IMM smoother, and show that the proposed
smoothing algorithm significantly improves the performance
of the articulatory inversion. The rest of the paper is structured
as follows. Sec. II describes the problem formulation of
articulatory inversion based on JMLS. Sec. III explains the
learning methods, which are based on ML and MAP criteria.
The inference, based on filtering and smoothing estimation, is
examined in Sec. IV. The results of the experiments are given
in Sec. V. Discussion and conclusions that are drawn from
these results are given in Sec. VI.
II. D ESCRIPTION OF T HE P ROPOSED M ETHOD
This section explains the main structure of the proposed
articulatory inversion method. We first start by explaining our
model of the relationship between acoustic and articulatory
spaces. The basic idea is to linearize the non-linear relations
give in (1) and (2) using stationarity of the speech for a
given sub-phone. Sub-phone (part of the phone) is chosen to
be a homogeneous unit, in which the non-linear relationship
between acoustic and articulatory spaces is approximately
represented via a linear Gauss-Markov dynamic system. As
a result, the acoustic/articulatory space for a phone, which
consists of a few sub-phones, is approximated via multiple
linear Gauss-Markov dynamic systems. The Gauss-Markov
models succeed one another in time, following the dynamics
of a discrete Markov chain. As a result the overall system
representation of a single phone can be considered as a phonedependent jump Markov linear system (P-JMLS). Moreover,
a continuous utterance consisting of several phones is represented as a combination of several phone-dependent JMLS,
which we call a composite JMLS (C-JMLS). The P-JMLS
and C-JMLS are explained in the following sections in detail.
After the modeling part, we explain the articulatory inversion
procedure: learning and inference. The general learning and
inference criteria are explained in this section.
A. Phone-Dependent Jump Markov Linear System (P-JMLS)
Assume that the nonlinear functions f (·) and h(·) given
in (1) and (2) are approximated for each phone via phonedependent piece-wise affine functions given the modal-state
variable sk . That means the dynamics and the articulatory-toacoustic transform are both assumed to be linear. The resulting
model, called a phone-dependent jump-Markov linear system
(P-JMLS), can be formulated as follows.
xk+1
zk

= F (sk+1 )xk + u(sk+1 ) + wk (sk+1 ),

(3)

= H(sk )xk + d(sk ) + vk (sk ),

(4)

The P-JMLS includes three essential random variables: a
discrete modal-state variable sk , a continuous articulatory-state
vector xk , and a continuous acoustic observation vector zk .

s1

s2

sN

x1

x2

xN

z1

z2

zN

Fig. 1. Dynamic Bayesian network representation of the phone-dependent
JMLS. The circles and squares show continuous and discrete (modal) random
variables respectively. The highlighted circles denote observable quantities.
The relatively small black squares at the beginning and end of the network
denote the non-emitting initial and final modal states.

The conditional independence of these variables can be seen in
Fig.1. The stochastic dynamics of these variables are specified
as
P (sk+1

P (s1 = i) , π0i
= j|sk = i) , πij

p(x1 |sk = i) , N (x1 ; x̄i , Σi )
p(xk |sk = i, xk−1 ) , N (xk ; Fi xk−1 + ui , Qi )
p(zk |sk = i, xk ) , N (zk ; Hi xk + di , Ri )
where
• sk ∈ S = {1, . . . , r} is the modal-state variable. Each
modal state represents a sub-phone, in which the acoustic/articulatory relationship is modeled by a linear GaussMarkov dynamic system. The modal state’s Markov chain
dynamics are governed by a transition probability matrix
Π = [πij ] and by an initial-value probability mass
function π0 = [π0i ].
n
• xk ∈ R x is the articulatory state vector. Its distribution at
the start of each sequence, conditioned on mode variable
s1 = i, is Gaussian with mean vector x̄i and covariance
matrix Σi . It evolves dynamically, with mode-dependent
transition matrix Fi ∈ Rnx ×nx , mode-dependent bias
vector ui ∈ Rnx , and with mode-dependent Gaussian
process noise wk ∼ N (wk ; 0, Qi ).
n
• zk ∈ R z is the acoustic observation vector. It is generated from the articulatory state by a mode-dependent
measurement matrix Hi ∈ Rnz ×nx , with mode-dependent
measurement bias di ∈ Rnx and mode-dependent Gaussian observation noise vk ∼ N (vk ; 0, Ri ).
• The parameter set of the model can be defined as
r

Θ = {Π, π0 , x̄i , Σi , Fi , ui , Qi , Hi , di , Ri }i=1 .
B. Composite Jump Markov Linear System (C-JMLS)
A continuous speech utterance consists of a combination
of several phones; therefore, the articulatory inversion for
a continuous speech utterance requires the combination of
several P-JMLSs. We call this combination a C-JMLS, which
can be considered as a generalization of the composite [39]
or embedded [40] HMMs. C-JMLS is constructed according
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Dynamic Bayesian network representation of the composite-JMLS. The explanation for each of the shapes is given in Fig.1

to the phonetic transcription of a given speech utterance. In
this work, it is assumed that the phonetic transcription is
known and is used in the training phase. We also assume that
phonetic transcription is again available in the testing phase
but without phone boundaries. Indeed, knowing the phonetic
transcription in the testing phase is not a necessary condition
for the proposed method but we use this assumption to reduce
computational complexity. An example for a C-JMLS can be
seen in Fig. 2. Note that a C-JMLS can be considered as
a single JMLS with its modal states obtained by stacking,
in order, the modal states of the component P-JMLS’s. The
transition probability matrices of the component P-JMLSs are
similarly sequenced in order to create an overall probability
transition matrix. As can be seen in Fig.1 and Fig. 2, similar to
[40], we use two non-emitting modal-states per phone: initial
and final, which are helpful in constructing the C-JMLS.
C. Articulatory Inversion
Assume that we have a training database D = {X, Z} that
links acoustic observations Z and articulatory state, X. The
problem of the acoustic-to-articulatory inversion involves two
separate tasks, that we may call “learning” and “inference:”
• LEARNING: The estimation of the model parameters, Θ,
given the training data set D and prior distribution p(Θ).
We examine both maximum likelihood (ML) and a maximum a posteriori learning (MAP) criterion, therefore
Θ̂

ML

= arg max p(Z, X|Θ)
Θ

Θ̂M AP = arg max p(Z, X|Θ)p(Θ)
Θ

•

Last phone

Second phone

s1

INFERENCE: The estimation of the articulatory state xk
given acoustic data z1:τ = {z1 , . . . , zτ } and estimated
parameter set Θ̂ is found via minimum mean square error
(MMSE) estimate of the states as follows
xk|τ = E[xk |z1:τ ]

where E[·] is the expectation operator. If τ = k, the
estimation is called filtering; if τ = N (where N is
the length of the observation sequence), the estimation
is called fixed-interval smoothing.
The following two sections explore, in detail, the solutions of
learning Θ from measured X, Z, and of inferring X from
measured Z. In this paper, without loss of generality, the
mathematical formulation of learning and inference parts will

be given according to the P-JMLS given in (3) and (4) for
simplicity. However, it is not difficult to generate a C-JMLS
since the two actually have the same structure considering
Fig.2 and explanations given in Sec.II-B. For the sake of
simplicity, we will refer to P-JMLS as JMLS in the rest of
the paper.
III. L EARNING OF T HE M ODEL PARAMETERS
In order to learn the model parameter vector Θ, suppose
that the training database D contains L training sequences:
l
acoustic observations Z = {z1:N
}L and articulatory obserl l=1
vations, X = {xl1:Nl }L
,
and
suppose
that the lth sequence
l=1
l
contains Nl vector pairs, that is x1:Nl = {xl1 , . . . , xlNl } and
l
l
}. That means, acoustic observation sez1:N
= {z1l , . . . , zN
l
l
quences Z and continuous-valued articulatory state trajectories
X are known (observable),
but the underlying modal-state
{
}L
sequences S = sl1:Nl l=1 are unknown (unobservable).
A. Maximum Likelihood (ML) Based Learning
In the maximum likelihood learning criterion, the parameter
set Θ is estimated based on training data set D = {X, Z}.
That is, we do not use any informative prior distribution for
the parameter set Θ.
Θ̂M L = arg max p(Z, X|Θ)
Θ

(5)

Since the modal-state sequences S are unknown, there is no
closed-form solution for this problem, therefore an iterative
solution is required. The expectation maximization (EM) algorithm is known to converge more rapidly to an ML solution, in
circumstances where it is applicable, than most other iterative
learning methods [41]. Starting from an initial guess of the
model parameters Θ(0) , the EM algorithm re-estimates model
parameters Θ(t) in such a way that the expected log-likelihood
Q(Θ(t) , Θ(t−1) ) = E[ln p(X, Z, S|Θ(t) )|Θ(t−1) ], and therefore the likelihood p(X, Z|Θ(t) ), are guaranteed to be nondecreasing [42]. In each iteration, the EM algorithm involves
two steps. In the first step, the expected value of the completedata log-likelihood (auxiliary function, Q(Θ(t+1) , Θ(t) ) is calculated, with expectation computed over the distribution of the
hidden variables S. In the second step, the auxiliary function
is maximized for each unknown parameter. Considering the
conditional independence assumptions shown in Fig. 1, the
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complete-data log-likelihood can be written as
{[
]
∑L
∏Nl
ln p(X, Z, S|Θ) = l=1 ln P (sl1 ) k=2
P (slk |slk−1 ) (6)
[
] [∏
]}
∏Nl
Nl
l l
l
p(xl1 |sl1 ) k=2
p(xlk |xlk−1 , slk )
p(z
|x
,
s
)
k k k
k=1
In (6), the only random variable is the modal state sequence
S. The expected log likelihood is therefore
{
}
Q(Θ(t+1) , Θ̂(t) ) = E ln p(X, Z, S|Θ(t+1) )|X, Z, Θ̂(t)
where Θ̂(t) is the known parameter set at iterative step t and
it will be used to evaluate the expectation operator. Θ(t+1) is
the new parameter set to be maximized in the maximization
step to increase Q. For the remainder of this section, these
parameter sets are abbreviated as Θ̂ and Θ, respectively. Since
random variable S is discrete-valued, the expectation can be
written as a summation over all possible length-Nl modal-state
sequences. That is,
∑
Q(Θ, Θ̂) =
ln p(X, Z, S|Θ)P (S|X, Z, Θ̂)
S∈S Nl

and S Nl is the set of all possible sets of length-Nl mode
sequences. Taking the logarithm of each term in (6) reduces
Q to a set of independent summations, each of which depends
on the posterior probabilities of the mode variables in only
one or two frames. The summation can be abbreviated using
Levinson’s notation [43]:
γkl (i)
l
ξk−1
(i, j)

, P (slk = i|X, Z, Θ̂),

(7)

,

(8)

P (slk−1

=

i, slk

= j|X, Z, Θ̂),

yielding a relatively compact and easily differentiable form for
Q:
L ∑
r [
∑
γ l (i)
Q(Θ, Θ̂) =
γ1l (i) ln π0i − 1 dΣi (xl1 , x̄i )
2
l=1 i=1


N
r
∑
∑
l

+
ξk−1
(i, j) ln πij 
k=2

−
−

j=1

N [ l
∑
γ (i)

2

]
dQi (xlk , Fi xlk−1 + ui )

2

dRi (zkl , Hi xlk

k

k=2
N [ l
∑
γk (i)
k=1

]]
+ di )

where | · | is the matrix determinant, and dΣ (x, x̄) , (x −
x̄)T Σ−1 (x − x̄) + ln |2πΣ| is the normalized Mahalanobis
distance. The expectation maximization algorithm seeks, at
each iteration, to maximize Q(Θ, Θ̂) subject to stochastic
normalization constraints for the vector π0 and for each row
of the matrix Π. Constrained optimization is performed by
finding the saddle point of a Lagrangian function,
(
[ T ]
)
π0
Qλ (Θ, Θ̂) = Q(Θ, Θ̂) + λT enx +1 −
en x
(9)
Π
where enx is a length-nx vector of ones, and λ ∈ Rnx +1
is a vector of Lagrange multipliers chosen to satisfy the
l
constraints. The local posteriors, γkl (i) and ξk−1
(i, j), can

ML

BASED

TABLE I
EM R E - ESTIMATION FORMULAE FOR THE JUMP M ARKOV
LINEAR SYSTEM .

Averages:
∑L

z̄i ,

∑ Nl

l=1

k=1

∑L

∑ Nl

l=1

∑L

x̄ci ,

l=1

l
l
γk
(i)zk

k=1

∑Nl
k=2

∑L

∑ Nl

l=1

l (i)
γk

, x̄pi ,

∑L

∑Nl
γ l (i)xlk−1
l=1
k=2 k
∑L ∑Nl
γ l (i)
l=1
k=2 k

and

l
γk
(i)xlk

k=2

l (i)
γk

Modal-State Parameters:
∑L

∑Nl −1 l
ξk (i,j)
k=1
,
∑Nl −1 l
γk (i)
l=1
k=1

l=1

π̂ij =

∑L

π̂0i =

1
L

∑L
l=1

γ1l (i)

Articulatory State Process Parameters:
∑L
l
l
l=1 γ1 (i)x1
∑
L
l (i) ,
γ
l=1 1

ˆi =
x̄

(∑
L

F̂i =

∑L

Σ̂i =

l=1

l
ˆi )(xl1 −x̄
ˆ i )T
γ1
(i)(xl1 −x̄
∑L
l (i)
γ
l=1 1

)

∑Nl

p T
l
l
c
l
k=2 γk (i)(xk − x̄i )(xk−1 − x̄i )
)
∑
Nl
p
p T −1
L
l
l
l
l=1
k=2 γk (i)(xk−1 − x̄i )(xk−1 − x̄i )

l=1

×

(∑

ûi = x̄ci − F̂i x̄pi
∑L
l=1

Q̂i =

∑ Nl
k=2

l
γk
(i)(xlk −F̂i xlk−1 −ûi )(xlk −F̂i xlk−1 −ûi )T
∑L ∑Nl
γ l (i)
l=1
k=2 k

Observation Parameters:
)
(∑
L ∑Nl
l
l
l
c T
Ĥi =
l=1
k=1 γk (i)(zk − z̄i )(xk − x̄i )
)−1
(∑
L ∑Nl
l
l
c
l
c T
×
l=1
k=1 γk (i)(xk − x̄i )(xk − x̄i )
dˆi = z̄i − Ĥi x̄ci
∑L
l=1

R̂i =

∑Nl
k=1

l
l
l
l
γk
(i)(zk
−Ĥi xlk −dˆi )(zk
−Ĥi zk
−dˆi )T
∑L ∑Nl
l (i)
γ
l=1
k=1 k

be computed using the Baum-Welch algorithm. In Levinson’s
notation,
γkl (i) =
l
ξk−1
(i, j) =

αl (i)β l (i)
∑kl k l
(10)
i αk (i)βk (i)
αl (i)πij bj (zkl , xlk )βkl (j)
∑ ∑k−1 l
(11)
l
l
l
i
j αk−1 (i)πij bj (zk , xk )βk (j)

where
αkl (i)
βkl (i)
bj (xlk , zkl )

l
(12)
, p(xl1:k , z1:k
, slk = i|Θ̂)
l
l
l
l
, p(xk+1:N , zk+1:N |xk , sk = i, Θ̂) (13)

, N (xlk ; Fj xlk−1 + uj , Qj )
×

N (zkl ; Hj xlk

(14)

+ dj , Rj )

The “expectation” step of the EM algorithm computes the
l
(i, j) and γkl (i), using the formulae
posterior probabilities ξk−1
in (10) through (14). The “maximization” step then finds a parameter set Θ that maximizes Qλ (Θ, Θ̂) subject to constraints.
Resulting re-estimation formulae are given in Table I.
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B. Maximum a Posteriori (MAP) Based Learning
Maximum likelihood estimation of a JMLS tends to over-fit
the training data, leading to degraded test-set performance. In
order to improve generalizability of the learned parameters,
we propose a regularized learning algorithm based on MAP
(maximum a posteriori) learning. Specifically, we propose
to impose a prior distribution p(ui , Fi , Qi ) that encourages
the regression matrix, Fi , to take values slightly smaller
(therefore slightly more generalizable [44], [45], [46]) than
its maximum-likelihood values. In the maximum a posteriori
learning criterion, the parameter set Θ is estimated based on
training data set D = {X, Z} and prior distribution p(Θ),
therefore
Θ̂M AP = arg max p(Z, X|Θ)p(Θ)
Θ

(16)

The first function of the RHS of (16) is the conventional
auxiliary function in the EM algorithm, as given in (9). The
second part of the RHS of (16) is the prior distribution for the
model parameter set Θ which can be defined as follows. In
this work the model parameter set is divided into two subsets
Θ = {Θ1 , Θ2 }, where Θ1 = {Π, π0 , x̄i , Σi , Hi , di , Ri }ri=1
and Θ2 = {Fi , Qi }ri=1 . For simplicity, the augmented parameter Fi , [ui , Fi ] is used instead of separate model parameters
Fi and ui . Under the prior independence assumption, the joint
prior density can be written as follows:
p(Θ) = p(Θ1 )p(Θ2 )

(17)

In this work prior density p(Θ1 ) is assumed to be a noninformative uniform prior, i.e, p(Θ1 ) = constant. Under this
assumption, (16) reduces to:
r
∏
C(Θ, Θ̂) = Qλ (Θ, Θ̂) + ln
p(Fi , Qi )
(18)
i=1

The joint prior distributions p(Fi , Qi ) can be written as
p(Fi , Qi ) = p(Fi |Qi )p(Qi )

(19)

Now, we need to specify the prior distribution for p(Fi |Qi )
and p(Qi ). For this purpose, the conjugate prior distributions
are chosen. A prior distribution is said to be a conjugate
prior distribution for a given model if the resulting posterior
distribution is from the same family as the prior. The conjugate
prior distribution p(Fi |Qi ) is a zero-mean matrix normal
distribution [48], [49]. We assume a zero-mean prior, therefore
p(Fi |Qi ) , N (Fi ; 0, Qi , Ωi )
(
)
1
−1 nx2+1
−1 T −1
−1 n2x
exp − tr Ωi Fi Qi Fi
∝ |Ωi | |Qi |
2

BASED

TABLE II
EM R E - ESTIMATION FORMULAE FOR THE JUMP M ARKOV
LINEAR SYSTEM .

Articulatory State Process Parameters:
[
]
]T
[
T
F̂i , ûi , F̂i , xk l , 1, (xlk )T
, Υi , F̂i Ω−1
i F̂i + Ψi
(∑
)
L ∑Nl
l
l l
F̂i =
l=1
k=2 γk (i)xk xk−1
(∑
)−1
L ∑Nl
l
l
l
−1
×
l=1
k=2 γk (i)xk−1 xk−1 + Ω
∑L

Q̂i =

l=1

∑ Nl

l
γk
(i)(xlk −F̂i xlk−1 )(xlk −F̂i xlk−1 )T +Υi
∑ L ∑ Nl
γ l (i)+vi +2nx +2
l=1
k=2 k

k=2

(15)

Since again the modal-state sequences S are unknown, there is
no closed-form solution for this problem, therefore an iterative
solution is required. The EM algorithm for ML solution can
be easily adopted for MAP solution [47] . The E-step of the
EM algorithm for MAP estimation is same as ML solution. In
the M-Step a new auxiliary function C(Θ, Θ̂) is maximized
at each iteration instead of the maximization Qλ (Θ, Θ̂) in the
ML solution procedures. The new auxiliary function C(Θ, Θ̂)
is defined as follows [47];
C(Θ, Θ̂) = Qλ (Θ, Θ̂) + ln p(Θ)

MAP

(20)

where, Ωi and Qi are two corresponding covariances. The
conjugate prior distribution p(Qi ) is the ith inverse Wishart
distribution [48], [49] defined as follows
p(Qi ) , W −1 (Qi ; Ψi , vi )
∝

|Q−1
i |

vi +nx +1
2

(

1
exp − tr Q−1
i Ψi
2

)
(21)

where vi and Ψi are the degrees of the freedom and scale
matrix for the inverse Wishart distribution. Combining (20)
and (21), and defining ci , vi + 2nx + 2, the joint prior
density p(Fi , Qi ) in (18) can be written as
p(Fi , Qi )
∝

nx
2
|Ω−1
i |

|Q−1
i |

ci
2

(
)
)
1 ( −1 T −1
−1
exp − tr Ωi Fi Qi Fi + Qi Ψi
2
(22)

Combining (9), (18) and (22) the new auxiliary function
C(Θ, Θ̂) can be written as follows
(
[ T ]
)
π0
C(Θ, Θ̂) =Q(Θ, Θ̂) + λT enx +1 −
enx
Π
r
∏
c
nx
−1 2i
2 |Q
+ ln
|Ω−1
i |
i |
(

i=1

)
1 (
−1
T −1
× exp − tr Ω−1
i Fi Qi Fi + Qi Ψi
2

)
(23)

The parameter set Θh = {Ωi , Ψi , αi , vi } must be selected
empirically, using methods explained in Sec.V-B. To summarize, similar to the ML case, the “expectation” step of the
l
EM algorithm computes the posterior probabilities ξk−1
(i, j)
l
and γk (i), using the formulae in (10) through (14). The
“maximization” step then finds a parameter set Θ that maximizes C(Θ, Θ̂) given (23). Resulting re-estimation formulas
are given in Table II1 .
IV. E STIMATION OF T HE A RTICULATORY T RAJECTORIES
After learning the parameter set of the model, we are given,
one at a time, test sequences of the form z1:N = {z1 , . . . , zN }.
The goal of inference is to estimate the posterior probability
distributions of the modal state sequence s1:N = {s1 , . . . , sN }
and the articulatory state sequence x1:N = {x1 , . . . , xN }.
1 Since the estimation formulae of the rest of the parameters are same as
given in Table I, we do not repeat them in Table II
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TABLE III
I NTERACTING M ULTIPLE M ODEL (IMM) A LGORITHM

A. Filtering
In filtering, the aim is to estimate the posterior distribution of the articulatory state given acoustic observations,
p(xk |z1:k ), and in particular, to compute the MMSE state
estimate
x̂k|k = E[xk |z1:k ].
The exact posterior distribution, given the model, is specified
by
∑
p(x1:k |z1:k ) =
p(x1:k |s1:k , z1:k )P (s1:k |z1:k ) (24)
s1:k ∈S k

r
∑

p(xk |sk = j, z1:k )P (sk = j|z1:k )

(25)

j=1

The posterior probability density consists of two parts. The
first part, p(xk |sk = j, z1:k ), is modeled by a Gaussian
PDF whose mean and variance depend on the mode and the
observations. The second part, P (sk = j|z1:k ), is the mode
posterior probability mass function. More information about
the IMM algorithm can be found in [34]. For the sake of
completeness, one cycle of the IMM filtering algorithm is
given in Table III1 .
B. Smoothing
Exact JMLSs smoothing (non-causal state estimation),
like exact JMLSs filtering (causal state estimation), is intractable. Published approximate methods include the generalized pseudo-Bayesian algorithm of order two (GPB2) [33],
[38] and the two-filter IMM algorithm [36]. The main problem
in GPB2 algorithm is its high computational complexity:
GPB2 considers a total of r2 modal hypotheses (histories) instead of r in the IMM algorithm. The two-filter IMM smoother
is more computationally efficient [36], but suffers from some
degree of unnecessary state estimation inaccuracy because it
uses a separate smoothing algorithm to describe backward
state dynamics, which does not in general lead to the right
result, as discussed in [51]. In this section of the paper, we
introduce a smoothing algorithm for the JMLS which is based
on the IMM approach. The proposed algorithm is based on the
RTS smoothing method [52] which does not need backward
1 The

µj1|0 = πj , x̂j1|0 = x̄j1 , Σj1|0 = Σj1 , j ∈ S
For each k = {1, . . . , N }, j = {1, . . . , r}
Elementary Filter Update:
)
]
(
[
x̂jk|k , Σjk|k , Λjk = Update x̂jk|k−1 , Σjk|k−1 , zk , H j , dj , Rj
Mode Probability Update:

where S k is the set of all length-k sequences drawn from the
alphabet S, and the distribution p(x1:k |s1:k , z1:k ) is a Gaussian
distribution of dimension knx , with covariance dependent
on the mode-dependent transition matrices F (sk ). (24) is a
mixture Gaussian PDF with rk mixture components. Because
the state vectors are correlated with one another, the marginal
distribution at each instant in time, p(xk |z1:k ), is also a mixture Gaussian distribution with rk Gaussian components [50].
Exact inference is impossible for k larger than two or three,
therefore approximate solutions are needed. In this work we
use the interacting multiple model (IMM) algorithm, which
approximates p(xk |z1:k ) using a mixture Gaussian distribution
with only r components [34]:
p(xk |z1:k ) ≈

Initialization:

definitions of the functions Prediction, Update, and Collapse are given
in Table VIII

j

µjk|k =

j

Λk µk|k−1
∑M
j
j
j=1 µk|k−1 Λk

Main Estimation:
(
)
[
]
x̂k|k , Σk|k = Collapse x̂jk|k , Σjk|k , µjk|k
Mode Probability Prediction:
µjk+1|k =

∑r
i=1

πij µik|k

Mixing Probability:
i|j

µk|k =

πij µik|k
j

µk+1|k

Mixing Estimate:
]
(
)
[
i|j
= Collapse x̂ik|k , Σik|k , µk|k
, Σ0j
x̂0j
k|k
k|k
Elementary Filter Prediction:
)
]
(
[
, F j , uj , Q j
, Σ0j
x̂jk+1|k , Σjk+1|k = Prediction x̂0j
k|k
k|k
End For

state dynamics. Therefore, the proposed algorithm is computationally much more efficient than the smoothing algorithms
given in the literature [33], [38], [36]. In smoothing, the aim is
to estimate posterior distribution of the state p(xk |z1:N ) given
the observation sequence z1:N = {z1 , . . . , zN }, and given the
output of IMM filtering results: elementary filtered estimates
i|j
x̂jk|k , Σjk|k , mode probability µjk|k and mixing probability µk|k .
Following the Interacting Multiple-Models (IMM) estimation
procedure, the approximate posterior distribution p(xk |z1:N )
can be written as
r
∑
p(xk |z1:N ) ≈
p(xk |sk = i, z1:N )P (sk = i|z1:N ) (26)
i=1

Now our aim is to find the smoothed-elemental estimate
p(xk |sk = i, z1:N ) and the smoothed-mode probability
P (sk = i|z1:N ) in a recursive manner. The smoothed mode
probability recursion can be calculated as follows:
µik|N , P (sk = i|z1:N )
=

M
∑

(27)

P (sk = i|sk+1 = j, z1:N )P (sk+1 = j|z1:N )

j=1

=

M
∑
j=1

P (sk = i|sk+1 = j, z1:k )P (sk+1 = j|z1:N )
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TABLE IV
IMM S MOOTHER A LGORITHM

i|j

µk|k µjk+1|N

j=1

To calculate the smoothed elemental estimate, the posterior
density function p(xk |sk = i, z1:N ) can be approximated as
follows
p(xk |sk = i, z1:N ) ≈

r
∑

j|i

ij
µk+1|N N (xk ; x̂ij
k|N , Σk|N )

(28)

j=1

For each k = {N − 1, . . . , 1}, i, j = {1, . . . , r}
Smoothed Mode Probability:
∑
i|j
µik|N = rj=1 µk|k µjk+1|N
Smoothed Mixing Probability:
i|j

j|i

µk+1|N =

where,
ij
j
ij
i
x̂ij
k|N = x̂k|k + Lk (x̂k+1|N − x̂k+1|k )

(29)

ij
j
ij
ij T
i
Σij
k|N = Σk|k + Lk (Σk+1|N − Σk+1|k )(Lk )

(30)

x̂ij
k+1|k
Σij
k+1|k
Lij
k

,

F j x̂ik|k

j

µk|k µk+1|N
µik|N

Elemental Smooth:
[
]
(
)
x̂ij
, Σij
= Smooth x̂ik|k , Σik|k , x̂jk+1|N , Σjk+1|N , F j , uj , Qj
k|N
k|N
Combination of Elemental Smoothed Estimation:
]
(
[
)
j|i
x̂ik|N , Σik|N = Collapse x̂ij
, Σij
, µk+1|N
k|N
k|N

j

+u

, F j Σik|k (F j )T + Qj
, Σik|k (F j )T Σij
k+1|k

The proof that p(xk |sk = i, z1:N ) can be approximated
with (28) is given in Appendix B. Moreover, the mixture of
Gaussians in (28) is approximately represented as a single
Gaussian as
p(xk |sk = i, z1:N ) ≈ N (xk ; x̂ik|N , Σik|N ).

(31)

The Overall Smoothed Estimate:
(
)
[
]
x̂k|N , Σk|N = Collapse x̂ik|N , Σik|N , µjk|N
End For

V. E XPERIMENTAL M ETHODS AND R ESULTS
A. Experimental Methods

where
x̂ik|N =

r
∑

j|i

µk+1|N x̂ij
k|N

j=1

Σik|N =

r
∑

j|i

µk+1|N

j=1

[
Σij
k|N

×

(
+

x̂ij
k|N

−

x̂ik|N

)(

x̂ij
k|N

−

x̂ik|N

)T ]

Hence, the overall estimate p(xk |z1:N ) in (26) can be calculated as follows.
p(xk |z1:N ) ≈
≈

r
∑
i=1
r
∑

p(xk |sk = i, z1:N )P (sk = i|z1:N )
µik|N N (xk ; x̂ik|N , Σik|N )

i=1

≈ N (xk ; x̂k|N , Σk|N )
where
x̂k|N =

r
∑

µik|N x̂ik|N

i=1

Σk|N =

r
∑
j=1

[

µik|N

)(
(
× Σik|N + x̂ik|N − x̂k|N x̂ik|N − x̂k|N

In this work, we use the MOCHA database [53]. The acoustic data and EMA trajectories of one female talker (fsew0)
are used; these data include 460 sentences. Audio features
(Mel-frequency cepstral coefficients (MFCC)) were computed
using a 36 ms window with 18 ms shift. A pre-emphasis filter
(with α = 0.97) is used in the extraction of audio features.
The articulatory data are EMA trajectories recorded at 500 Hz
sampling frequency, which are the X and Y coordinates of the
lower incisor, upper lip, lower lip, tongue tip, tongue body,
tongue dorsum and velum. EMA trajectories are normalized
by the methods suggested in [14] and down-sampled to match
the 18 ms shift rate. All the model parameters of the JMLS
are tested using 10-fold cross-validation. For each fold, nine
tenths of the data (414 sentences) are used for training and one
tenth (46 sentences) for testing. Cross-validation performance
measures (RMS error and correlation coefficient) are computed
as the average of all ten folds. In this work, we use the
JMLS modal-state models for each phoneme with structure
similar to the HMMs defined in [40], i.e., with left-to-right
modal-state transition probability matrices including two nonemitting states (initial and final) per phoneme. In total, 46
phone-dependent JMLSs are trained for the MOCHA database:
44 for the phones and 2 for breath and silence.
B. Hyperparameter Assessment

)T ]

The summary of the IMM smoothing algorithm can be seen
in Table IV.

The parameters of the prior distributions are called hyperparameters, and must be specified a priori in order to
solve the articulatory inversion problem. As explained in
Sec.III-B the hyperparameter set of the proposed model is
Θh = {Ωi , Ψi , αi , vi }. In this work, we choose the following
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parameters for the ith joint prior distribution
(32)

l=1 k=2

•

•

where σi is the standard deviation of ith articulator xi .
Correlation coefficient:
∑I
i
i
i
¯i
k=1 (xk − x̄k )(x̂k − x̂k )
√∑
ρix,x̂ , √∑
(37)
I
I
i − x̄i )2
i − x̂
¯i )2
(x
(x̂
k=1 k
k=1 k
k
k
¯i are the average
for i = 1, . . . , nx where x̄i and x̂
positions of true and estimated ith articulator respectively.
Significance Test: To determine if an articulatory inversion method outperforms another in terms of pre-defined
performance measures (i.e., RMS error and correlation
coefficient), a significance test, based on Z-score, is applied [30]. The null hypothesis posits that the test method
is not better than a baseline method. The null hypothesis
is rejected if Zo > Zc (ζ) where, Zo is the observed
Z-score, and Zc (ζ) is the critical Z-score defining the
critical area, which is the threshold based on the upper
tail of the normal density with significance level ζ. All
significance tests in this work are performed at the level

0.57
0.55
0.53

Filtering
Smoothing

Learning Method

M

.3
)

AP

(α
=0

(α
=0

M

L

.1
)

0.51

1.84

)

1.94

0.59

(α
=0
.5

2.04

0.61

AP

2.14

0.63

M

Correlation Coefficient

Filtering
Smoothing

2.24

M
AP

•

where xik and x̂ik are true and estimated positions, respectively, of the ith articulator at the kth frame. I and nx
are the total number of frames in the database and the
total number of articulators respectively.
Normalized RMS error:
i
ERM
i
S
EN
, i = 1, . . . , nx
(36)
RM S ,
σi

(−b−)
0.65

)

k=1

(−a−)
2.34

.5

The performance of the algorithms is measured using three
performance measures, namely, RMS error, normalized RMS
error and correlation coefficient, all of which are as described
in [14], [54].
• RMS error:
v
u
I
u1 ∑
i
(xik − x̂ik )2 , i = 1, . . . , nx (35)
ERM S , t
I

(α
=0

C. Performance and Significance Test Measures

)

Therefore, we have only one unknown hyperparameter,
namely, {αi }. αi is fixed to the same value α for all models
and it is estimated via trial and error. In this work, we test the
values α = {0.1, 0.3, 0.5}.

AP

(34)

l=1 k=2

M

γkl (i)

(α
=0
.3

Nl
L ∑
∑

AP

vi =

Experimental results of the proposed methods are given in
this sub-section.
1) Experimental Results For Global Linear Dynamic System (GLDS): This sub-section gives experimental results for
a special case of the proposed method, namely, for the Global
Linear Dynamic System (GLDS). GLDS is a special case of
the JMLS that uses only one model (that is, sk ∈ S = {1})
for all phones; details of this method can be seen in [30].
Fig.3 shows the comparison of the performance of MAP and
ML learning algorithms for GLDS. Examination of the figure
demonstrates that the MAP based learning method remarkably
improves the performance of the articulatory inversion. The
performance of the proposed algorithm is tested for various
α values and it is observed that α = 0.3 gives the best
performance for the MAP based learning algorithm. The
second observation to be drawn from Fig.3 is that, compared
to filtering, smoothing greatly improves the performance.

L

where, xk is the
]T articulatory state trajectories de[ augmented
fined as xk l , 1, (xlk )T . In this way, the prior distribution
becomes an invariant prior distribution [48]. The number of
degrees of freedom of the inverse Wishart distribution vi is
also fixed to the expected number of transitions from state i,
that is,

D. Experimental Results

AP

l

M

(33)

RMS Error (mm)

1
In ×n
vi x x

M

Ψi =

M

γkl (i)xlk−1 xlT
k−1

of significance ζ = 0.01. That means that if Zo -score is
greater than Zc (ζ = 0.01) = 2.33, the null hypothesis is
rejected, and the test is proven statistically significant at
p ≤ 0.01.

(α
=0
.1
)

Ω−1
= αi
i

Nl
L ∑
∑

Learning Method

Fig. 3. GLDS: RMS error (-a-) and correlation coefficient (-b-) between
true (measured) and estimated articulatory trajectories for ML and MAP
(with various α values) learning, and corresponding filtered and smoothed
estimation results.

The relative improvements obtained by using MAP instead
of ML and using smoothed MAP instead of MAP, and the
corresponding Zo scores of these improvements, can be seen
in Table V. The table, as an example, shows that the RMS
error between the true (measured) and the estimated articulatory trajectories for filtering mode is about 2.34 mm for
the ML learning method, while the corresponding results for
the MAP based learning method (α = 0.3) are about 1.93
mm. That means MAP based learning algorithm in filtering
mode reduces RMS error about 17.5% (from 2.34 mm to
1.93 mm) with a Zo score of 22.4, which is significant at
ζ ≤ 0.01 (since Zo = 22.4 is larger than Zc (0.01) = 2.33).
Moreover, smoothing using MAP-learned model parameters
(α = 0.3) produces an RMS error of about 1.85 mm, a relative
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improvement of 4.2% (from 1.93 mm to 1.85 mm), significant
at ζ ≤ 0.01 (Zo = 12.1) Examination of the correlation coefficient leads to similar conclusions: smoothing based on MAPlearned parameters is significantly better than filtering based
on MAP-learned parameters, which is significantly better than
filtering based on ML-learned parameters (Table V).
TABLE V
R ELATIVE IMPROVEMENTS USING MAP INSTEAD OF ML AND SMOOTHED
MAP INSTEAD OF MAP, AND CORRESPONDING Zo SCORES . B OTH ML
VS . MAP AND MAP VS . MAP+S MOOTHING ARE TESTED USING THE
GLOBAL LINEAR DYNAMIC SYSTEM (GLDS) MODEL . A LL FOUR
COMPARISONS ARE SIGNIFICANT AT p ≤ 0.01.

ML v.s MAP
Per.
rmse
corr.

ML
2.34
0.52

MAP
1.93
0.59

%
17.5
13.5

MAP v.s MAP+Smoothing
Zo
22.4
15.5

MAP+S
1.85
0.65

Zo
12.1
23.5

%
4.2
10.2

2) Experimental Results for the Jump Markov Linear System (JMLS): The comparison of the learning methods based
on ML and MAP criteria for the JMLS in terms of RMS error
and correlation coefficient are given in Fig.4 and Table VI.
Examination of the figure and table shows that the MAP
based learning method significantly improves the performance
of articulatory inversion. The performance of the MAP based
algorithm is tested for various α values and it is observed
that, similar to GLDS, α = 0.3 gives the best performance.
The RMS error and the correlation coefficient between the
true (measured) and the estimated articulatory trajectories for
filtering mode are about 2.22 mm and 0.59 respectively for ML
learning, while the corresponding results for MAP (α = 0.3)
based learning are about 1.68 mm and 0.72 respectively.
(−a−)

1.68
1.58

0.67
0.64
0.61

Filtering
Smoothing

Learning Method

)

)

.3

.1

L

M

AP

(α
=0

(α
=0

M

AP
M

)
.5
(α
=0

AP
M

M

AP

(α
=0

(α
=0
.

.3

1)

L
M

AP
M

)

0.58

)

1.78

0.7

.5

1.88

0.73

(α
=0

1.98

0.76

ML v.s MAP
Per.
rmse
corr.

ML
2.22
0.59

MAP
1.68
0.72

%
24.3
22

MAP v.s MAP+Smoothing
Zo
30.6
23.8

MAP+S
1.58
0.76

%
6
5.6

Zo
14.4
22.6

AP

2.08

TABLE VI
R ELATIVE IMPROVEMENTS USING MAP INSTEAD OF ML AND SMOOTHED
MAP INSTEAD OF MAP, AND CORRESPONDING Zo SCORES FOR THE
JMLS. B OTH ML VS . MAP AND MAP VS . MAP+S MOOTHING ARE
TESTED USING THE JUMP M ARKOV LINEAR SYSTEM (JMLS) MODEL
WITH TWO MODAL STATES PER PHONEME . A LL FOUR COMPARISONS ARE
SIGNIFICANT AT p ≤ 0.01.

M

Filtering
Smoothing

2.18
RMS Error (mm)

(−b−)

Correlation Coefficient

2.28

smoothing instead of filtering, the RMS error and correlation
coefficient for the ML based learning method are about 1.88
mm and 0.69, while the results for MAP-based learning
(α = 0.3) are 1.58 mm and 0.76. This means the MAPbased learning algorithm reduces RMS error by approximately
16% (from 1.88 mm to 1.58 mm) and improves correlation
by approximately 10% (from 0.69 to 0.76) when smoothing
is used. The second observation to be made from Fig.4 and
Table VI is that, as expected, smoothing significantly improves
performance compared to filtering. A similar result is reported
in [17], [18] for articulatory inversion based on GMM and
in [14] for articulatory inversion based on the TMDN. In our
work smoothing reduces the RMSE from 2.22 mm to 1.88 mm
(a 15.7% relative improvement) and increases the correlation
coefficient from 0.59 to 0.69 (a 17% relative improvement)
when ML based learning is used. Similarly, smoothing reduces
RMSE about 6% (from 1.68 mm to 1.58 mm) and improves
correlation coefficient about 5.6% (from 0.72 to 0.76) for
MAP-based learning (α = 0.3). Zo scores corresponding
to these relative improvements (6% and 5.6%) are 14.4 and
22.6 respectively (Table VI). The relatively small improvement
gained by smoothing for the MAP case shows that the prior
densities used in MAP are adequate to model the uncertainties
of the system. We conduct the same experiment using the
GPB2 smoothing algorithm ([33], [38]) in order to compare
performance with the proposed IMM smoother, which has a
much lower computational cost. We observe that the RMS
error and correlation coefficient for GPB2 smoothing method
are 1.571 mm and 0.76 respectively, which are slightly better
than the proposed IMM smoother; however, the difference is
not statistically significant with respect to 1.576 and 0.758
which were obtained for the IMM smoother.

Learning Method

Fig. 4. JMLS with two modal states: RMS error (a) and correlation coefficient
(b) between the true (measured) and the estimated articulatory trajectories for
ML and MAP (with various α values) and the corresponding filtered and
smoothed estimation results.

RMS error of the JMLS filtering using MAP based learning
algorithm is about 24.3% less (from 2.22 mm to 1.68 mm)
than RMS error using ML based learning. MAP learning also
improves the correlation coefficients about 22% (from 0.59 to
0.72). Zo scores corresponding to these relative improvements
(24.3% and 22%) are 30.6 and 23.8 respectively, which can
be seen in Table VI. When we consider inferences based on

Fig.5 provides more details regarding the utility of the MAP
based learning method in articulatory inversion, and shows
significance test results. The abscissa distinguishes different
articulators. As an example, normalized RMS error for X axis
of lower lip (llx) was reduced from 1.04 to 0.82 (a 21% relative
error reduction), corresponding Zo score is 21.1. The figure
indicates that, for all of the articulators, there is a reduction in
the estimation error. The use of MAP-based learning instead
of ML-based learning results in large improvements for some
articulators, and small improvements for other articulators;
apparently the dynamic parameters for some articulators are
estimated by ML with reasonable accurately. Despite the range
in improvements, it can be observed that for each articulator,
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1.07

28

ML
MAP

24

0.97

Degree of Significance

Normalized RMS Error

1.02

0.92
0.87
0.82
0.77
0.72

20
16
12
8

NRMSE Reduction Test Statistic
α = 1% Level of Significance

0.67
4
2.33
1
lix liy ulx uly llx lly ttx tty tbx tby tdx tdy vx vy
Articulators
(−b−)

0.62
0.57
lix liy ulx uly llx lly ttx tty tbx tby tdx tdy vx vy
Articulators
(−a−)

Fig. 5.
JMLS with two modal states per phoneme: Normalized RMS
errors obtained using smoothed MAP (α = 0.3) and ML methods for
each articulator (a). The corresponding significance test results for different
articulators (b). The abbreviations li, ul,ll, tt,tb, td and v denote lower incisor,
upper lip, lower lip, tongue tip, tongue body, tongue dorsum and velum,
respectively. The suffixes x and y to the articulator abbreviations show the
corresponding X and Y coordinates respectively.

RMS error reduction using the MAP based learning algorithm
compared to ML is significant at p ≤ 0.01.

11

phonemes, the difference between two states and three states
is small. Stops and affricates may require three modal states
per phoneme because production of a stop or affricate involves
a larger number of discontinuities in the physical dynamics of
the production mechanism. Even so, it is surprising that no
other phonemes benefit from the use of three modal states. It
is possible that the relative ineffectiveness of the third modal
state for most phonemes is caused by a tradeoff between
estimating the precision of the model (which benefits from
a large number of parameters) and its accuracy. Increasing
the number of modal-states models the system better, but may
cause poor estimation of the model parameters, because the
increased number of model parameters cannot be accurately
learned from the limited training data.
We analyze improvements obtained using MAP based learning instead of ML for each broad phonetic class. Fig.7
shows the distribution of RMS error reduction and correlation
improvements for each broad phonetic class using MAP and
ML based methods. As can be seen from the figure, the best
performance is obtained for fricatives and vowels.
2

1.82
1.78
1.74
1.7
1.66
1.62
1.58
1.54
GLDS 1−state 2−states 3−states
Model
(−a−)

0.74

1.9

0.72

1.85

0.7
0.68
0.66
0.64
0.62
0.6

0.77

1.95

RMS Error (mm)

RMS Error (mm)

1.86

Correlation Coefficient

1.9

0.76
Filtering
Smoothing

Filtering
Smoothing

0.58
GLDS 1−state 2−states 3−states
Model
(−b−)

Fig. 6. MAP-based learning (α = 0.3): RMS error (a) and correlation
coefficient (b) between the true (measured) and the estimated articulatory
trajectories for increasing number of JMLS modal states and a global linear
dynamic system. Both filtered and smoothed estimation results are given.

The RMS error and correlation coefficient for increasing
number of the JMLS modal-states can be seen in Fig.6. In
this figure the GLDS performance (one state) is also given
for comparison. Figure 6 indicates that increasing the number
of modal states for each phoneme from one to two improves
the performance; however, we cannot say the same thing for
increasing the number of modal states from 2 to 3. We also
examined the significance of all improvements. The RMS error
between the true (measured) and the estimated articulatory
trajectories for MAP based smoothing mode is reduced from
1.595 mm to 1.577 mm when we choose 2 modal states
instead of 1. This corresponds to an RMS error reduction of
about 1.15%, and a Zo score of 4.25. That is, although the
improvement is small, it is significant at the p ≤ 0.01 level of
significance. Similarly, using two modal states per phoneme
instead of one state improves the correlation about 0.98%
(from 0.751 to 0.759) with a Zo score of 4.18. Examination
of the improvements for each broad phonetic class shows that
stop and affricative sounds give best performance with three
states per phoneme instead of two states, but that for other

Correlation Coefficient

1.94

1.8
1.75
1.7
1.65
1.6
1.55
1.5

ML
MAP

1.45
Stop Appr. Nas. All Vowel Fric.
Broad Phonetic Class
(−a−)

0.75
0.73
0.71
0.69
0.67
0.65

ML
MAP

Nas. Stop Appr. All Fric. Vowel
Broad Phonetic Class
(−b−)

Fig. 7. RMS errors of using smoothed MAP and ML for each broad phonetic
class (a). The corresponding correlation coefficients is shown in (b).

We also compare the performance of the IMM estimator
with the Multiple-Model (MM) estimator for articulatory inversion. Similar to IMM, MM estimation uses a linear system
model for each phoneme (or sub-phoneme), but unlike IMM,
MM uses specified phoneme (or sub-phoneme) boundaries
which are estimated using the Viterbi decoding algorithm.
Table VII demonstrates this comparison for both filtering
and smoothing. Since MM method uses phoneme boundaries,
the articulatory estimation is done by Kalman filtering and
Kalman (RTS) smoothing. Table VII shows that the proposed
articulatory inversion based on the IMM estimation, although
it doesn’t use phoneme boundaries, gives better performance
than the MM method both for filtering and smoothing.
VI. D ISCUSSIONS AND C ONCLUSIONS
In this paper, we have proposed a systematic framework for
accurate estimation of articulatory trajectories from acoustic
data based on multiple-model dynamic systems via state-space
representation. The acoustic measurements and articulatory
positions are considered as observable (measurement) and
hidden (state) quantities of the system respectively. Articulatory inversion via state space models is examined in various

JOURNAL OF LATEX CLASS FILES, VOL. X, NO. X, JANUARY 200X

12

TABLE VII
R ELATIVE IMPROVEMENTS USING IMM INSTEAD OF MM AND
CORRESPONDING Zo SCORES . B OTH FILTERED AND SMOOTHED
ESTIMATIONS ARE TESTED USING TWO MODAL STATES PER PHONEME .
A LL FOUR COMPARISONS ARE SIGNIFICANT AT p ≤ 0.01.

Filtering
Per.
rmse
corr.

MM
1.74
0.7

IMM
1.68
0.72

%
3.4
2.9

Smoothing
Zo
8.2
5.3

MM
1.65
0.73

IMM
1.58
0.76

%
4.2
4.1

Zo
12.3
12

studies [25], [7], [26], [29]. In this work, we improve the
performance of state space based articulatory inversion in
several ways. First, by using a jump-Markov linear system
(JMLS), we free the state-space methods from the common
assumption that phone boundaries of the speech utterance are
available in both learning and inference phases. The JMLS
can be viewed as a generalisation of the Hidden Markov
model (HMM). Unlike the HMM, in which only discrete states
are considered, the JMLS models both discrete and continuous states simultaneously. That is, continuous articulatory
trajectories are considered as the continuous hidden states of
the JMLS, and discrete regimes (phonemes and sub-phoneme
segments) are considered as the discrete modal states of the
JMLS. In this study we first introduce a novel embedded
learning algorithm based on ML criterion. The expectation
maximization (EM) algorithm generates the model parameters
of all linear systems. This procedure can be considered as
a generalization of Hidden Markov model (HMM) training.
Our experimental results and the results given in [25], [29]
show that the ML learning procedure may not be good enough
to get satisfactory articulatory inversion performance, due to
limitations of the training data, and due to our uncertainty
about the precise structure of the articulatory dynamic system.
To avoid these types of problems, we further generalize the
learning procedure by introducing a maximum a posteriori
(MAP) based learning algorithm, which uses prior information
about some model parameters, for the JMLS. Our work shows
that MAP based learning algorithm gives significantly better
results compared to ML.
The availability of phone segment boundaries as studied in
[25], [7], [26], [29] makes it possible to use Kalman filtering/smoothing in the inference phase of the articulatory inversion problem. On the other hand, if phoneme segment boundaries are not available, there are two possible ways to estimate
articulatory trajectories under the state-space approach. The
first method, adopted in most previously published works, is
to estimate phone segment boundaries with some method like
Viterbi decoding, and then to use Kalman filtering/smoothing
for inference. The second method, pursued in this paper, is
to develop a systematic procedure to choose the appropriate
model at each time without using phone segment boundaries.
For this purpose, the Interacting Multiple Models algorithm
(IMM) [34] is adapted to the task of articulatory inversion. In
this study, the performance of two approaches is compared,
and it is shown that articulatory inversion performance based
on IMM is better than inversion using the MM method.
Moreover, in this work, state estimation using IMM method is

done both online, by applying filtering methods, and off-line,
by applying smoothing methods. In addition to filtering we
present an efficient smoothing algorithm for the JMLS. The
smoothing algorithm that is used here is a novel one, designed
to be an order of magnitude more computationally efficient
than the GPB2 algorithm used in, e.g., [33], [38]. Using the
proposed computationally efficient IMM-based method, we are
able to show that smoothing greatly improves the accuracy of
articulatory inversion compared to filtering.
Experiments have been conducted in the MOCHA database
to test the performance of the proposed algorithms, and the
results are summarized in the previous section. Here, as a final
conclusion, we compare our work with studies existing in the
literature. The comparison is in two parts. First we compare
our results with others that consider articulatory inversion as
a state estimation problem, which is similar to our work.
The second comparison is with the methods using different
techniques, including the HMM [54], [55], GMM [17] or
TMDN [56]. To the best of our knowledge, there is only
one other state-space modeling study [25] that uses the same
database (MOCHA) and the same experimental setup as our
work. Therefore, we start comparison with this work. [25]
gives experimental results both for a single GLDS and a
multiple-model linear dynamic system. GLDS [25] estimates
the model parameter set using an ML criterion. The best
RMSE and correlation coefficient results between the true
(measured) and estimated articulatory trajectories are 2.15 mm
and 0.59 respectively. According to the experimental results
given in Sec. V-D1, our best GLDS results are obtained with
smoothing-based inference and MAP-based learning, resulting
in an RMS error and correlation coefficient of 1.85 mm and
0.65 respectively. The multiple-model method of [25] uses one
model for each phone, and assumes that phone boundaries are
available. the best RMSE and correlation coefficient results
for multiple model dynamic systems are 1.78 mm and 0.7.
According to the experimental results given in Sec.V-D2,
our best multiple-model results are obtained using the JMLS
smoothing with parameters learned using MAP-based learning.
The RMS error and correlation coefficient between the true
(measured) and estimated articulatory trajectories are about
1.58 mm and 0.76 respectively. We obtain better results despite
not using phone boundaries. There are other methods for
articulatory inversion, which use the same database, in the
literature. Inversion based on an HMM, with phone boundaries
in the test data assumed known, is described in [54]; using
only audio data, the best RMSE and correlation coefficient
results are about 1.64 mm and 0.725 respectively. [15] uses
a multi-layer perceptron (MLP) for articulatory inversion; the
RMSE and correlation coefficient results are about 1.65 mm
and 0.71 respectively. Inversion based on a trajectory HMM
is described in [55] and achieves an RMS error of 1.58 mm.
[17] uses Gaussian mixture model (GMM) regression, and it
reports RMSE and correlation coefficients of 1.45 mm and
0.79, respectively. To our knowledge, the best result reported
in the literature for this task is 1.37 mm using a TDMN in [56].
Comparison of the performance of our method with the
ones given in the literature shows that the proposed method
improves the performance of the state-space approaches. Com-
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parison with other approaches shows a moderate performance.
Although better results exist in the literature, we think that
the Bayesian framework within which JMLS is formulated
makes it relatively more flexible, and open to improvements.
The linear dynamic systems used in the JMLS formulation
can be improved in lots of different ways that correspond
to better representation of the movements of the articulators.
As an example, the state vector can be augmented to contain
velocities and/or accelerations of the articulators. Parameter
tying, similar to tying in HMMs, can be applied. Even the use
of nonlinear state models is possible when we know the nature
of the inversion problem better.

TABLE VIII
P REDICTION , U PDATE , S MOOTH AND C OLLAPSE

Kalman Prediction:
[
]
(
)
x̂k+1|k , Σk+1|k = Prediction x̂k|k , Σk|k , F, u, Q

The definition of the functions: Prediction, Update, Smooth
and Collapse given in the Table III and Table IV is shown in
Table VIII

The elemental posterior density
p(xk |sk = i, z1:N ) given in the (28) can be written as
follows.
p(xk |sk = i, z1:N ) =
∫
r
∑
dxk+1
p(xk , xk+1 , sk+1 = j|sk = i, z1:N )
∫

dxk+1 I2 × I3

x̂k|k

(39)

H x̂k|k−1 + d

Sk

=

HΣk|k−1 H T + R

Kk

=

Σk|k−1 H T Sk−1

z̃k
x̂k|k

=
=

zk − ẑk|k−1
x̂k|k−1 + Kk z̃k

Σk|k

=

Λk

=

Σk|k−1 − Σk|k−1 H T Sk−1 HΣk|k−1
(
)
1
1
|2πΣk|k | 2 exp − z̃kT Σ−1
z̃
k
k|k
2

x̂k+1|k

,

F x̂k|k + u

Σk+1|k

,

F Σk|k F T + Q

Lk

=

Σk|k F T Σ−1
k+1|k

x̂k|N

=

x̂k|k + Lk (x̂k+1|N − x̂k+1|k )

Σk|N

=

Σk|k + Lk (Σk+1|N − Σk+1|k )LT
k

=

µik|N
j|i

, µk+1|N
I2 , p(xk |xk+1 , sk+1 = j, sk = i, z1:N )
= p(xk |xk+1 , sk+1 = j, sk = i, z1:k )
p(xk+1 |xk , sk+1 = j)p(xk |sk = i, z1:k )
=∫
dxk p(xk+1 |xk , sk+1 = j)p(xk |sk = i, z1:k )

p(xk |sk = i, z1:k ) = N (xk , x̂ik|k , Σ̂ik|k )

=

j=1
r
∑

µjk|k x̂jk|k
)
(
µjk|k Σjk|k + (x̂jk|k − x̂k|k )(x̂jk|k − x̂k|k )T

j=1

(41)

After Computing (46), multiplying the two density and normalizing them, I2 can be written as

(42)

ij
ij
I2 = N (xk , Lij
k xk+1 + ck , Gk )

(43)

(47)

where,
ij
i
T
−1
Lij
k , Σk|k Fj (Σk+1|k )

(44)
(45)
(46)

The probability density function p(xk+1 |xk , sk+1 = j) and
p(xk |sk = i, z1:k ) are Gaussian density, so they can be written
as
p(xk+1 |xk , sk+1 = j) = N (xk+1 , Fj xk + uj , Qj )

Σk|k

r
∑

(40)

i|j

µk|k µjk+1|N

F Σk|k F T + Q

=

Each term I1 , I2 and I3 is examined separately as follows:

=

=

ẑk|k−1

(38)

j=1

I1 , P (sk+1 = j|sk = i, z1:N )
P (sk = i|sk+1 = j, z1:N )P (sk+1 = j|z1:N )
=
P (sk = i|z1:N )
P (sk = i|sk+1 = j, z1:k )P (sk+1 = j|z1:N )
=
P (sk = i|z1:N )

Σk+1|k

Collapse:
)
(
[
]
x̂k|k , Σk|k = Collapse x̂jk|k , Σjk|k , µjk|k

j=1

I1

F x̂k|k + u

Kalman Smooth:
]
(
)
[
x̂k|N , Σk|N = Smooth x̂k|k , Σk|k , x̂k+1|N , Σk+1|N , F, u, Q

A PPENDIX B
P ROOF OF E QUATION -(28)

=

=

Kalman Update:
[
]
(
)
x̂k|k , Σk|k , Λk = Update x̂k|k−1 , Σk|k−1 , zk , H, d, R

A PPENDIX A
D EFINITION OF THE FUNCTIONS : P REDICTION , U PDATE ,
S MOOTH AND C OLLAPSE

r
∑

x̂k+1|k

ij
i
i
cij
k , x̂k|k − Lk Fj x̂k|k
ij
i
i
Gij
k , Σk|k − Lk Fj Σk|k

I3 can be approximated as follows
I3 , p(xk+1 |sk+1 = j, sk = i, z1:N )
≈ p(xk+1 |sk+1 = j, z1:N )

(48)
(49)

Suppose that p(xk+1 |sk+1 = j, z1:N ) is known and given as
p(xk+1 |sk+1 = j, z1:N ) = N (xk+1 ; x̂jk+1|N , Σ̂jk+1|N ) (50)
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then, The integral given in the (38) can be approximated by
using (47) and (50)
∫
dxk+1 I2 × I3 ≈
∫
ij
ij
j
j
dxk+1 N (xk , Lij
k xk+1 + ck , Gk )N (xk+1 ; x̂k+1|N , Σ̂k+1|N )
ij
= N (xk+1 ; x̂ij
k|N , Σ̂k|N )

(51)

ij
The definition of x̂ij
k|N and Σ̂k|N are given in the (29) and (30)
respectively. Combining (43) and (51) gives the final proof of
(28)

p(xk |sk = i, z1:N ) ≈

r
∑

j|i

ij
µk+1|N N (xk ; x̂ij
k|N , Σk|N )

j=1
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