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Abstract
In statistical classification and recognition problems with

many classes, it is commonly the case that different classes ex-
hibit wildly different properties. In this case it is unreasonable
to expect to be able to summarize these properties by using fea-
tures designed to represent all the classes. In contrast, features
should be designed to represent subsets that exhibit common
properties without regard to any class outside this subset. The
value of these features for classes outside the subset may be
meaningless, or simply undefined. The main problem, due to
the statistical nature of the recognizer, is how to compare like-
lihoods conditioned on different sets of features to decode an
input pattern.

This paper introduces a class-dependent feature design ap-
proach that can be integrated with any probabilistic model. This
approach avoids the need of having a conditional probabilistic
model for each class and feature type pair, and therefore de-
creases the computational and storage requirements of using
heterogeneous features. We present in this paper an algorithm
to calculate the class-dependent features that minimize an esti-
mate of the relative entropy between the conditional probabilis-
tic model and the actual conditional probability density function
(PDF) of the features of each class.

We apply our approach to a hidden Markov model (HMM)
automatic speech recognition (ASR) system. We use a non-
linear class-dependent volume-preserving transformation of the
features to minimize the objective function. Using this ap-
proach, we achieved 2% improvement in phoneme recognition
accuracy compared to the baseline system. Our approach shows
also improvement in recognition accuracy compared to previous
class-dependent linear features transformation.

1. Introduction
The class-dependent features can be looked at as a method of di-
mensionality reduction in classification [1]. Unlike other meth-
ods of dimensional reduction, it is based on sufficient statis-
tics and results in no theoretical loss of performance. Statisti-
cal classifiers lose information necessary for classification and
recognition in two ways. The first is due to reducing the given
data to a set of features, and the second is due to approximat-
ing the true joint PDFs of the features. The former loss reduces
as the dimensionality of the features is increased, while the lat-
ter increases as the dimensionality of the features is increased.
Class-dependent features avoid this compromise by allowing
more information to be kept for a given maximum feature di-
mension. This is clearly at the expense of increasing the compu-
tational requirements of the system. Class-dependent features
are motivated by the fact that different classes have different
salient characteristics that may require different features.

Many recent speech recognition systems use class-
dependent feature streams to achieve more robustness and better
performance [2]. Using different feature streams within each
recognizer allows the overall system to benefit from the abil-
ity of these streams to reveal complementary information about
the original speech signal. The main problem, due to the sta-
tistical nature of the recognizer, is how to compare likelihoods
conditioned on different sets of features to decode a given ut-
terance [3]. The previous approaches to this problem include
model-based approaches, and feature-based approaches. In
model based approaches, the problem is solved by either com-
pletely abandoning the statistical structure of the recognizer, or
by adding extra reference models that have no physical meaning
but are used to normalize the likelihoods to be comparable sta-
tistically [3]. The main problem with the latter approach is how
to train these reference models. They are synthetic entities that
have no physical meaning at all, so there have been a variety
of suggestions to train these models. They range from taking
all other phones in the phone set to train the reference model
to taking a very small set of similar phones in the phone set.
The feature-based approach restricted the class-dependent fea-
tures to features generated by class-dependent linear transforms
of an original set of features [4].

In the weak sense class-dependency, features have observ-
able values for all classes, but the features and some class vari-
ables are conditionally independent given a set of classes [5].
This increases the computational and the storage requirements
of the system, and results in the introduction of meaningless
models that degrade the performance of the recognizer. Fea-
tures are said to be class-dependent in the strong sense if they
are assumed to be observable only for one class or cluster of
classes but undefined for the rest of the classes. In this paper, a
non-linear strong-sense class-dependent feature transformation
for pattern recognition is described. It is applied to an HMM
speech recognizer. The feature streams are optimized to mini-
mize an estimate of the relative entropy between the actual con-
ditional likelihood and its estimation based on the model. We
will use here the notion of class-dependent features for ASR to
represent using different features for different phonemes or dif-
ferent clusters of phonemes that are constructed using some cri-
terion. In the next section, the problem is formulated and a so-
lution based on volume-preserving maps is introduced. The cri-
terion for optimizing the class-dependent features is discussed
in section 3. An iterative algorithm is described in section 4 to
jointly estimate the parameters of the feature transform and the
parameters of the model. Finally, recognition experiments are
described in section 5.



2. Problem Formulation
The Bayes classification rule minimizes the probability of error
if the underlying distribution of the data is known. In its orig-
inal format, it assumes that the same features are used for all
classes; The Bayes classification rule for a set of classes ci for
i = 1, 2, · · · , J is

ĉ = arg max
c∈{1,··· ,J}

PC|X(c|x), (1)

where J is the number of classes, x is the observation vector,
and PC|X(c|x) is the a posteriori probability of the classes.
This maximization can be reduced to

ĉ = arg max
c∈{1,··· ,J}

PX|C(x|c)P (c). (2)

Let us now define a set of functions {fi(.)}J
i=1 such that

yi = fi(x) is an arbitrary one-to-one map of the random vector
X in �n to Yi in �n.

The relation between the joint class-conditional probability
of X and Yi is

PYi|C(fi(x)|ci) =
PX|C(x|ci)

|det( ∂fi
∂x

)| , (3)

where det(∂fi
∂x

) is the determinant of the Jacobian matrix of the
map fi(.) [10].

Therefore, the Bayesian classification rule for the classifiers
that use a set of class-dependent features, {yi}J

i=1 becomes

ĉ = arg max
c∈{1,··· ,J}

PYi|C(fi(x)|c)P (c)|det(
∂fi

∂x
)|. (4)

Equation 4 shows that we can design strong-sense class-
dependent features for any statistical recognition or classifica-
tion system by taking the determinant of the Jacobian matrix
into consideration in the decision rule.

An important special case that simplifies the decision rule
is volume-preserving maps.

Definition: A C∞ map f : Sx → Sy where Sx ⊂ �n

and Sy ⊂ �n is said to be volume-preserving if and only if∣∣∣det
(

∂f(x)
∂x

)∣∣∣ = 1 ∀x ∈ Sx.

Therefore, the Bayesian classification rule for the classifiers
that use a set of class-dependent features, {yi}J

i=1 generated
using a set of volume-preserving maps becomes

ĉ = arg max
c∈{1,··· ,J}

PYi|Ci
(fi(x)|ci)P (ci). (5)

3. Optimization of The Class-Dependent
Features

Since we do not have the actual joint class-conditional PDFs, a
parametric model of these PDFs is usually used in the statisti-
cal recognition system. We choose the class-dependent features
transform and the model parameters such that they minimize the
relative entropy between the actual joint class-conditional PDFs
and their parametric model for each class.

Proposition: Let yi = fi(x) for i = 1, · · · , J be arbi-
trary one-to-one C∞ volume-preserving maps of the random
vector X in �n to Yi in �n, and let P̂Λi(yi|ci) be the para-
metric model of the conditional PDF. The map f∗

i (.) and the

set of parameters Λ∗
i jointly minimize the relative entropy be-

tween the hypothesized and the true conditional likelihoods of
Yi if and only if they also maximize the expected log likelihood
based on the model, EP (Yi|Ci)[log P̂Λi(yi|ci)].

Proof: The expression for the relative entropy after an arbi-
trary transformation, yi = fi(x), of the input random vector X
in �n, is

R(P (Yi|ci), P̂Λi(Yi|ci)) = −H(P (Yi|ci))

−EP (Yi|ci)

[
log

(
P̂ (Yi|ci)

)]
,

(6)

where H(P (Yi|ci)) is the conditional differential entropy of the
random vector Yi [9].

The relation between the output conditional differential en-
tropy and the input conditional differential entropy is in general,

H(P (Yi|ci)) ≤ H(P (X|ci))

+

∫
�n

P (x|ci) log

(∣∣∣∣det

(
∂fi(x)

∂x

)∣∣∣∣
)

dx,

(7)

where P (x|ci) is the conditional probability density function
of the random vector X, for an arbitrary transformation, yi =
fi(x), of the random vector X in �n, with equality if fi(x) is
invertible [10].

Therefore, for a volume-preserving map yi = fi(x), the
relative entropy can be written as

R(P (Yi|ci), P̂Λi(Yi|ci)) = −H(P (X|ci))

−EP (Yi|ci)

[
log P̂Λi(Yi|ci)

]
.

(8)

Equation 8 proves the proposition.
The problem of maximizing EP (Yi|Ci)[log P̂Λi(yi|ci)] can

be solved using efficient algorithms based on the incremental
expectation maximization (EM) algorithm. Our approach gen-
eralizes previous approaches to class-dependent feature trans-
form for speech recognition in two ways. First, the feature
transform is not necessarily linear. Second, it is class-dependent
in the strong sense: the conditional PDF of each features stream
is calculated for the corresponding class only.

It should be noted that all linear maps designed to improve
the satisfaction of the features of a given model are special cases
of the proposition, as any linear map is equivalent to a linear
volume-preserving map multiplied by a scalar.

4. Implementation of The Maximum
Likelihood Approach

In the previous section, we showed that by using a volume-
preserving map, the problem of minimizing the relative entropy
between the actual class-conditional PDFs and their parametric
models is reduced to maximizing the likelihood of the training
data in the new feature space. In this section, we use a symplec-
tic map to generate the new set of features.

4.1. Symplectic Maps

Symplectic maps are volume-preserving maps that can be rep-
resented by scalar functions [11]. This interesting result allows
us to jointly optimize the parameters of the symplectic map and



the model parameters using the EM algorithm or one of its in-
cremental forms [6].

Let x = (x1, x2), and y = (y1, y2), with x1, x2, y1, y2 ∈
�n

2 , then any reflecting symplectic map can be represented by
[11]

y1 = x1 − ∂V (x2)

∂x2
, (9)

y2 = x2 − ∂T (y1)

∂y1
, (10)

where V (·) and T (·) are two arbitrary scalar functions. We
use two three-layer feed-forward neural networks to get a good
approximation of these scalar functions.

V (u, A,C) =
M∑

j=1

cjS(aju), (11)

T (u,B, D) =
M∑

j=1

djS(bju), (12)

where S(.) is a nonlinear function like sigmoid or hyperbolic
tangent, aj is the jth row of the M × n matrix A, and cj is the
jth element of the M×1 vector C, bj is the jth row of the M×n
matrix B, and dj is the jth element of the M × 1 vector D. The
parameters of these two neural networks and the parameters of
the model are jointly optimized to maximize the likelihood of
the training data.

4.2. Joint Optimization of The Map and Model Parameters

We will describe here an iterative algorithm to estimate the pa-
rameters of the symplectic map and a hidden Markov model
(HMM) for speech recognition. Using the EM algorithm, the
auxiliary function to be maximized is

Q(Φk, Φk+1) = Eξ[log P (y, ζ|Φk+1)|y,Φk], (13)

where ζ ∈ ξ is the state sequence corresponding to the
sequence of observations x ∈ �n×T that are transformed to
the sequence y ∈ �n×T , T is the sequence length in frames,
Φk = (Λk, W k) is the set of the recognizer parameters and the
symplectic parameters at iteration k of the algorithm.

The updating equations for the HMM parameters are not
affected by the introduction of the feature transform, and there-
fore will not be given here.

We will assume that the recognizer models the conditional
PDF of the observation as a mixture of diagonal-covariance
Gaussians and therefore

∂Q(Φk, Φk+1)

∂yj
=

N∑
i=1

K∑
m=1

P (yi, m|Φk)

P (yi|Φk)

(µmj − yi
j)

σ2
mj

,

(14)

where µmj , and σ2
mj are the mean and the variance of the jth el-

ement of the mth PDF respectively, N is the number of frames
in the training data, and K is the total number of Gaussian mod-
els.

Let the nonlinearity, S(.), in the neural networks be hy-
perbolic tangent functions. Starting with A and B, to up-
date the values of the symplectic parameters aqr and bqr for
q = 1, 2, · · · , M, and for r = 1, 2, · · · , n

2
, we have to calcu-

late the partial derivative of the auxiliary function with respect
to these parameters. These partial derivatives are related to the
partial derivatives of the auxiliary function with respect to the
features by the following relation

∂Q(Φk, Φk+1)

∂aqr
=

n
2∑

j=1

∂Q(Φk, Φk+1)

∂y1j

∂y1j

∂aqr

+

n
2∑

j=1

∂Q(Φk, Φk+1)

∂y2j

∂y2j

∂aqr
, (15)

and

∂Q(Φk, Φk+1)

∂bqr
=

n
2∑

j=1

∂Q(Φk, Φk+1)

∂y2j

∂y2j

∂bqr
, (16)

where

∂y1j

∂aqr
=

⎧⎪⎪⎨
⎪⎪⎩

2x2r

∑M
h=1

(
chahjS(ahx2)[1 − S2(ahx2)]

)
for r �= j

2x2r

∑M
h=1

(
chahjS(ahx2)[1 − S2(ahx2)]

)
−cq[1 − S2(aqx2)] for r = j

(17)

∂y2j

∂aqr
=

n
2∑

k=1

∂y1k

∂aqr

∂y2j

∂y1k
, (18)

∂y2j

∂y1k
= −

M∑
h=1

(
dhbhjbhkS(bhy1)[1 − S2(bhy1)]

)
,

(19)

and

∂y2j

∂bqr
=

⎧⎪⎪⎨
⎪⎪⎩

2y1r

∑M
h=1

(
chbhjS(bhy1)[1 − S2(bhx2)]

)
for r �= j

2y1r

∑M
h=1

(
chbhjS(bhy1)[1 − S2(bhx2)]

)
−dq[1 − S2(bqy1)] for r = j

(20)

For C and D, to update values of the symplectic parame-
ters cq and dq for q = 1, 2, · · · , M, we have to calculate the
partial derivative of the auxiliary function with respect to these
parameters. These partial derivatives are related to the partial
derivatives of the auxiliary function with respect to the features
by the following relation

∂Q(Φk, Φk+1)

∂cq
=

n
2∑

j=1

∂Q(Φk, Φk+1)

∂y1j

∂y1j

∂cq

+

n
2∑

j=1

∂Q(Φk, Φk+1)

∂y2j

∂y2j

∂cq
, (21)



and

∂Q(Φk, Φk+1)

∂dq
=

n
2∑

j=1

∂Q(Φk, Φk+1)

∂y2j

∂y2j

∂dq
, (22)

where

∂y1j

∂cq
= aqj [1 − S2(aqx2)], (23)

∂y2j

∂cq
=

n
2∑

k=1

∂y1k

∂cq

∂y2j

∂y1k
, (24)

and

∂y2j

∂dq
= bqj [1 − S2(bqy1)]. (25)

Using Equations 14 to 25, the values of the symplectic map
parameters can be estimated in each iteration using a gradient-
based optimization algorithm.

5. EXPERIMENTS AND RESULTS
The symplectic maximum likelihood algorithm described in
section 4 is used to study the optimal feature space for diagonal-
covariance Gaussian mixture HMM modeling of the TIMIT
database. The phoneme set is divided to three clusters: silence,
vowel-like, and consonants. We associated with each cluster a
symplectic map that is trained to maximize the likelihood of the
training data that correspond to the phonemes member of the
cluster.

The baseline 26-feature vector consists of 12 Mel-
frequency cepstrum coefficients (MFCC), energy and their
deltas. In each iteration, the new feature vector is calculated us-
ing the current symplectic transformation parameters, then the
maximum likelihood estimates of the HMM model parameters
are calculated. Then, the maximum likelihood estimates of the
symplectic map parameters are calculated using the conjugate-
gradient algorithm. After the iterative algorithm converges to
a set of locally optimal HMM and symplectic parameters, the
training data are transformed by the symplectic map yielding
the final symplectic maximum likelihood transform (SMLT)
feature vector for each cluster of phonemes.

In our experiments, the 61 phonemes defined in the TIMIT
database are mapped to 48 phoneme labels for each frame of
speech. These 48 phonemes are collapsed to 39 phoneme for
testing purposes as in [12]. A three-state left-to-right model for
each triphone is trained. The number of mixtures per state was
fixed to four. The parameters of the recognizer and the sym-
plectic map are trained using the training portion of the TIMIT
database. The parameters of the triphone models are then tied
together using the same approach as in [13].

To compare the performance of the proposed algorithm
with other approaches, we generated acoustic features using in-
dependent component analysis (ICA), and maximum likelihood
linear transform (MLLT). We tested both approaches using the
same three-cluster categorization of the phoneme set used with
SMLT. A cluster-dependent feature vector is designed for each
cluster using maximum likelihood ICA and MMLT. We used the
linear ICA approach described in [8], and implemented MLLT
as described in [7].

Testing this recognizer, using the test data in the TIMIT
database, we get the phoneme recognition results in table 1.
These results are obtained by using a bigram phoneme language
model and by keeping the insertion error around 10%. The ta-
ble compares SMLT recognition results to the ones obtained by
MFCC, ICA, and MLLT.

Table 1: Phoneme Recognition Accuracy
Acoustic Features Recognition Accuracy
MFCC 73.7%
ICA 73.9%
MLLT 74.5%
SMLT 75.5%
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